Abstract: The supersymmetry constraints on theĜ 4 λ 16 term in the effective action of type IIB superstring theory are studied in order to determine the dependence of its coefficient on the complex scalar field, τ . The resulting expression is consistent with the SL(2, Z) invariant conjectures in the literature.
Introduction
Chiral N = 2, D = 10 supergravity [1, 2] is the low energy limit of type IIB string theory. Higher derivative terms in the low energy limit can be generated by considering scattering amplitudes in string perturbation theory. This determines the terms proportional to e −2φ , where φ is the dilaton. However, determining the exact dependence of these terms on the scalar fields is more challenging. In principle, perturbative contributions can be determined for higher genus string loop calculations, but there is no direct way of determining the non-perturbative contributions. The exact action must be invariant under SL(2, Z) which means that the scalar field dependence is encoded in modular forms, depending on τ = C 0 + ie −φ , where C 0 is the Ramond-Ramond scalar.
The constraints imposed by supersymmetry are very powerful. In [3, 4] , it was shown how to use supersymmetry to compute the coefficient for the 16-dilatino term which appears at eight-derivative order, i.e., at α ′3 relative to the tree-level. This term has been analyzed in [5] . The coefficient turns out to satisfy an eigen-value equation for the laplacian on the fundamental domain of SL(2, Z). The solution for such an equation is a generalized Eisenstein series [6, 4, 7] . This series has an expansion which encodes tree-level and higher genus information along with an infinite series of Dinstanton contributions. The 16-dilatino term is related by linearized supersymmetry to the C 4 term, where C denotes the Weyl tensor and C 4 symbolizes the contraction of four of these. The coefficient of this term is a function of τ,τ which has been studied through different consistent arguments [8, 9, 10, 11, 12] , which serve as a powerful countercheck for the validity of the calculation. The coefficient implies that the C 4 term gets only tree-level, one-loop and a series of D-instanton contributions. The validity of this powerful prediction has been checked by explicit two-loop calculation for the four-graviton in [13, 14] . It was shown that there is no genus-2 contribution. Furthermore, a non-renormalization theorem was proved in [15] which showed C 4 cannot receive perturbative contributions beyond tree-level and one-loop.
There have been other ways to infer the coefficients of higher-derivative terms. In [17] , an all genus conjecture for terms like C 4Ĝ4g−4 in type IIB in ten dimensions was made, whereĜ stands for the supercovariant antisymmetric three-form field strength and g is the genus. The argument was motivated by N = 4 topological string theory [16] . Strong evidence was presented that the coefficient of these terms are higher order Eisenstein series. All these Eisenstein series have the generic feature of representing tree-level and genus-g contributions as well as a series of D-instanton contributions.
It should be possible to prove these conjectures by using the supersymmetric methods of [3] .
Since the C 4 interaction is related by superspace arguments to the 16-dilatino interaction, it is expected that there will beĜ 4 λ 16 term in the action, λ being the dilatino, at the twelve-derivative or order α ′5 relative to the tree-level terms.
In [3] , motivated by [17, 18] , a conjecture was made for higher derivative extension of the IIB effective action. It reads
where F 5 is the self-dual 5-form field strength andĜ, the supercovariant version of the field strength G isĜ
where ψ µ is the gravitino. The modular forms f +q (m + nτ )
For q = 0 these functions are proportional to E g+ 1 2 where E s is defined in equation (B.12). For g = 2,ĝ = 1, p = 2 there is evidently a det eĜ 4 λ 16 term in the integrand.
The coefficient of this term is conjectured to be f
. In [3] , a schematic method of obtaining the coefficient of this term was presented using supersymmetry arguments. However, the calculation was not completed and though it seemed plausible, the fact that the coefficient of such a term is a generalized Eisenstein series, was not proved.
Such a proof will give further evidence for the conjectures in the literature for the ten-dimensional effective action. Implications using the AdS/CFT correspondence for this term are also currently being investigated [19] .
In this paper, we construct a proof using supersymmetry that the coefficient of the G 4 λ 16 term is the expected modular form derived from the Eisenstein series,
The paper is organized as follows. In section 2, we outline the method used in [3] to obtain the coefficient of the 16-dilatino term. In section 3, we determine the coefficient forĜ 4 λ 16 .In section 4, we discuss the tensor structure forĜ 4 λ 16 . Two appendices have been included which summarize various identities and supersymmetry transformations required in the paper.
2. Review of λ 16 term at order α
′3
In this section we briefly summarize the supersymmetry calculation at order α
as done in [3] . The notation is made clear in appendix A. There is no off-shell superspace formulation for the theory as a result of which an action with manifest supersymmetry cannot be written down. It is possible to write on-shell superfields [20] and use them to write manifestly supersymmetric equations of motion. In what follows the lagrangian will just be a shorthand for the equations of motion. The low-energy effective action can be written as
where L is the lagrangian and there are no contributions at α ′ and α ′2 order. The supersymmetry transformation δ can also be expanded in powers of α ′ .
The Noether method of constructing supersymmetric actions demands that the supersymmetry transformations close on using the equations of motion. This will yield supersymmetry constraints of the form
3)
The calculation proceeds as follows. Two specific terms in the effective lagrangian are selected which do not mix under supersymmetry with any other terms at this order. These are:
The normalization of the terms have been changed slightly from that in [3] for our convenience. In type IIB supergravity, we define two supersymmetry parameters ǫ and ǫ * . The lowest order ǫ supersymmetry transformations of L
1 contain a term proportional to det eλ 16 ψ * µ ǫ with a coefficient that has to vanish for the action to be supersymmetric, leading to the condition
where the notation D 11 is explained in Appendix A. The ǫ * variation of (2.4) gives a term of the form det eλ 16 λ * ǫ * . In this case, equation (2.3) can only be satisfied if account is taken of a term from the lowest order IIB lagrangian,
A modification to the ǫ * supersymmetry transformation of λ * , of the form
where g(τ,τ ) is an unknown function, acting on L
1 leads to
Finally, we obtain a constraint by demanding the closure of the supersymmetry algebra on λ * . This gives rise to the relation: a Lorentz singlet. In principle, there are three independent ways to form a singlet using fourĜs, which are diagrammatically represented in figure 1. In terms of space-time indices, the contractions are given bŷ
where a, b, c are undetermined coefficients which are assumed to be non-zero. The following argument will not yield the values of a, b, c. To be very specific, the term
µ 2 ν 2 ρ 2 ∼Ĝ 2Ĝ2 will be considered, though it is easy to generalize the argument to the other two cases. The piece ofĜ µνρ involving gravitino bilinears will be written using the shorthand notation (−6iψψ) 4 .
Following [3] we will now select three terms with the appropriate dimensions contributing to S (5) that will mix with each other, but with no other terms, under supersymmetry. These are
The ǫ * supersymmetry variation proportional to det eλ 16ǭ λ * (−6iψψ) 4 gives
3 has a term of the form ψ µ λ * . Taking into account the fact that the ǫ * supersymmetry variation of ψ µ , as given in appendix A, has aĜ piece and the ǫ * variation of λ * has a ψ µ λ * piece, the following equation is obtained
3 = − 9 16f
In addition we now consider the O(α ′5 ) supersymmetry transformations acting on the following two terms from the classical action,
where L
1 is the same interaction considered in the previous section and L
2 can be read off from equation (4.12) of [1] . The modified ǫ * supersymmetry transformations at order α ′5 are
where g 1 and g 2 are unknown functions of τ andτ . These transformations acting on L
1 and 
Now we consider supersymmetry variations of the form (det eλ Here the first two terms are given by equation (3.4) in [3] . Together they give (2iD 13 f
The last term can be written as: 16) where the first term in the bracket on the right comes from theF 5 in the variation of ψ µ and the second comes from the supercovariant derivative acting on ǫ. The supercovariant derivative D µ has a piece that depends on the gravitino bilinear [1] which has been taken into account. Thus, ]ψ µ are considered. In a manner similar to deriving (3.17) of [3] we get
where the ellipsis indicate terms that are not needed for the analysis. To evaluate the last term note that δĜ ∼ δ(ψψ) + δ(ψ * λ). δψ * will have aĜ * piece and this will relate g 1 tof
. The result is
Thus the commutator of δ ǫ 1 and δ ǫ * 2 acting on λ * is
where the first two terms on the right-hand-side come from the commutator of the lowest order supersymmetry transformations [1, 3] . In order to close the algebra, the equations of motion have to be used. These give
]ψ µ are now considered. Using various Fierz transformations and gamma product expansions we find
In addition, δ
need to be taken into account. δ (0) ψ µ has terms proportional to λλ * (See equation (A.6) in the appendix). These come from theF 5 piece as well as the other λλ * terms in δψ µ . The relevant terms in the supersymmetry transformation for ψ µ proportional to ǫ are
where the first term comes fromF 5 . The contribution of the first term to δ
The contribution to δ 
Demanding the closure of the supersymmetry algebra on using the equations of motion gives
In order to derive the above result, one needs the following equation which can be obtained by considering the lowest order supersymmetry transformation on the gravitino,
where the ellipsis indicate terms that are not needed in the calculation. Using equations (3.14),(3.18),(3.23) and (3.29) we get:
The coefficients in equation ( 
A. Relevant formulae in IIB supergravity
The bosonic fields of the IIB supergravity comprise of the graviton, the antisymmetric two form with a three-form field strength and the dilaton. The fermionic fields are the gravitino and the dilatino. Spinors in IIB are complex Weyl spinors. The gravitino ψ µ and the dilatino λ have opposite chiralities, the supersymmetry parameter has the same chirality as the gravitino. The conjugate of any spinor is defined byλ = λ * γ 0 .
The metric is spacelike and the gamma matrices are real. We make extensive use of various identities quoted in [3] . The Fierz identity for ten-dimensional complex Weyl spinors of the same chirality is:
The bosonic fields which appear are supercovariantized in the following way.
The lowest order supersymmetry transformation for the various fields are given below(we retain only the relevant portions, for the complete transformations, see [3, 1] ). For τ
The supersymmetry transformation of the zehnbein is given by:
The transformation for the dilatino in the fixed U(1) gauge is
where the last two terms come from the compensating U(1) gauge transformation.
The gravitino transformation is given by 
